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Abstract
When facing a heavily-favored opponent, an underdog must be willing to assume greater-than-average
risk. In statistical language, one would say that an underdog must be willing to adopt a strategy whose
outcome has a larger-than-average variance. The difficult question is how much risk a team should be
willing to accept. This is equivalent to asking how much the team should be willing to sacrifice from its
PHDQ VFRUH LQ RUGHU WR LQFUHDVH WKH VFRUH·V YDULDQFH  ,Q this paper a general analytical method is
developed for addressing this question quantitatively. Under the assumption that every play in a game is
VWDWLVWLFDOO\LQGHSHQGHQWERWKWKHPHDQDQGYDULDQFHRIDWHDP·VRIIHQVLYHRXWSXWFDQEHGHVFULEHGXVLQJ
the binomial distribution. This allows for direct calculations of the winning probability when a particular
strategy is employed, and therefore allows one to calculate optimal offensive strategies. This paper
develops this method for calculating optimal strategies exactly and then presents a simple heuristic for
determining whether a given strategy should be adopted. A number of interesting and counterintuitive
examples are then explored, including the merits of stalling for time, the run/pass/Hail Mary choice in
football, and the correct use of Hack-a-Shaq.

1 Introduction: Risk as a Statistical Quantity
When winning is unlikely, a team must be willing to pursue risky strategies. This is an important and
generally well-accepted tenet of sports strategy [1]. Usually, this tenet manifests itself in the tendency of teams to
attempt plays that have a low probability of success and a high potential yield in situations where the team faces a
large deficit. Conversely, heavily favored teams have a tendency to play conservatively, attempting to eliminate the
possibility of an unlikely comeback by their opponent even at the cost of lowering their own final score.
In evaluating whether to use a given strategy, a coach/player must weigh the risk against the potential
UHZDUG DQG GHFLGH ZKHWKHU DGRSWLQJ WKH VWUDWHJ\ LQFUHDVHV WKH WHDP·V FKDQFH RI YLFWRU\  6SHFLILFDOO\ WKH
coach/player faces the following questions: How much risk should my team be willing to take? By how many
points should my team be trailing before it resorts to using a given high-risk/high-reward play?
It is the purpose of this paper to demonstrate that these types of strategic questions can be answered
TXDQWLWDWLYHO\E\HTXDWLQJWKHQRWLRQRI´ULVNµZLWKWKHVWDWLVWLFDOFRQFHSWRIYDULDQFH LQWKHWHDP·VILQDOVFRUH$
risky strategy, by definition, is one where there is a wider distribution of potential outcomes. In statistical language,
then, the idea of taking risk is that a team whose score has a lower expectation value than that of its opponent (the
underdog) should be willing to pursue strategies that increase the variance in the final outcome, even at the cost of
further lowering its expected final score. In other words, sometimes the best strategy is the one that leads, on
average, to a worse loss.
This idea is shown graphically in Fig. 1, which shows the distribution in final score for two hypothetical
teams. A victory for the underdog team (blue curves) requires two independent occurrences: the underdog team
must play unusually well, and their opponent must play unusually poorly. The probability that the underdog will win
LV WKHUHIRUH UHSUHVHQWHG JUDSKLFDOO\ E\ WKH RYHUODS EHWZHHQ WKH WDLOV RI WKH GLVWULEXWLRQV LQ WKH WZR WHDPV· ILQDO
scores. In Fig. 1, the solid blue line represents a better strategy for the underdog than the dashed blue line because
WKLVOLQHKDVDJUHDWHURYHUODSZLWKWKHRSSRQHQW·VGLVWULEXWLRQ UHGFXUYH 
In quantitative language, the fundamental risk/reward tradeoff for an underdog team is between increasing
WKH PHDQ DQG LQFUHDVLQJ WKH YDULDQFH RI WKH WHDP·V ILQDO VFRUH  ,Q WKLV URXJK VHQVH GHFLVLRQV WKDW LQFUHDVH WKH
RYHUODS ZLWK WKH RSSRQHQW·V GLVWULEXWLRQ DUH JRRG RQHV DQG GHFLVLRQV WKDW GHFUHDVH WKH RYHUODS DUH EDG  7KH
remainder of this paper is dedicated to showing how this overlap can be calculated for a given strategy using the
ELQRPLDOGLVWULEXWLRQ$QXPEHURIH[DPSOHVDUHGHYHORSHGWRLOOXVWUDWHKRZWKHHIIHFWLYHQHVVRIGLIIHUHQW´ULVN\µ
strategies can be evaluated both by an exact calculation and by a simple heuristic.

MIT Sloan Sports Analytics Conference 2011
March 4-5, 2011, Boston, MA, USA

FIG. 1: Schematic portrayal of the distribution of final scores for two
competing teams. The underdog team (blue) improves their chance of winning
if they pursue the strategy corresponding to the solid line rather than the dashed
line, even though this lowers their expected final score.

2 Describing Strategies with the Binomial Distribution
*LYHQWKHVLPSOHUHDVRQLQJRIWKHSUHYLRXVVHFWLRQLWLVWHPSWLQJWRGLVFXVVWKHYDOXHRI´VWUHDN\VFRUHUVµ
³ players whose offensive output varies significantly from game to game ³ for overmatched teams. Such players
with great but inconsistent talent are a frequent source of discussion among fans, and, indeed, the insertion or
UHPRYDO RI SOD\HUV ZKR WHQG WR ´JHW KRWµ ZRXOG K\pothetically be a method by which a team could control the
variance of its final score.
8QIRUWXQDWHO\GHVSLWHIDQV·DQHFGRWDOHYLGHQFHWKHUHLVOLWWOHWRQRVWDWLVWLFDOHYLGHQFHIRUWKHH[LVWHQFHRI
´VWUHDN\µ SOD\HUV  &DUHIXO DQDO\VLV LQ EDVNHWEDOO IRr example, has shown that the shooting patterns of essentially
every NBA player can be described as a sequence of statistically independent shots [2]. If this is true ² that all
scoring events in a game can be considered statistically independent ² then a WHDP·VILQDOVFRUHLVGHVFULEHGE\WKH
binomial distribution. More generally, when different scoring events have different point values, the final score is
described by a product of binomial distributions, one for each type of scoring event. In this case there is a strict
UHODWLRQVKLSEHWZHHQWKHWHDP·VVFRULQJSHUFHQWDJHV^pi}, where pi is the probability of success of a given play i, and
the variance V2 in its final score. Specifically, running a play with success rate p produces a variance
V2 = (point value of play)2 × (Number of times play is run) × p × (1-p).

(1)

Or, in more compact notation, V2 = v2Np(1-p);; v denotes the point value of the play. Since different plays i
contribute additively to the final score, the total variance in the final score is also additive:

¦i vi N i pi (1  pi ).

V2

2

(2)

Equations (1) and (2) imply that a team seeking to alter the variance of its offensive strategy can take one of two
approaches: they can try to run more plays with high point value v, or they can try to change the number N of plays
in the game1. Both of these approaches are considered through examples developed in Sec. 4.
For a given strategy, the increase in variance V2 should be weighed against the effect this strategy has on
WKHWHDP·VPHDn score µ, given by
P

¦i vi N i pi .

(3)

Generally speaking, the winning percentage corresponding to a given strategy can be calculated by integrating over
WKHGLVWULEXWLRQVFRUUHVSRQGLQJWRWKHWHDP·VILQDOVFRUHDQGLWVRSSRQHQW·Vfinal score. This procedure is described
in Appendix A, and is straightforward even though exact analytical expressions are cumbersome. However, when
dealing with strategic decisions that are not very short-term in nature (Ni > 5 or so for all i), optimum strategies can
be calculated reliably from a simple heuristic rule based on the Central Limit Theorem (CLT).
Technically, a team can also alter its variance by changing the success rate p of a given play. It is straightforward to
show, however, that a team never increases its probability of victory by intentionally lowering its scoring percentages
(e.g. missing shots on purpose).
1

2
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3 The CLT Rule
In end-game situations, where only a very small number of plays remain in the game, it is fairly easy to
calculate the probability of victory associated with a particular strategy by considering all possible outcomes of each
play. This summation procedure is formalized in Appendix A. When the number of plays left in the game is large,
however, it can be difficult to consider the net effect of every possible outcome. Fortunately, in this limit one can
invoke the Central Limit Theorem (CLT), which guarantees that for large N the final differential score ¨ = WHDP·V
score) ² RSSRQHQW·V score) is Gaussian-distributed with mean µ - µopp and variance V2 + V2opp . The probability P of
winning is therefore equal to the probability that ¨ > 0, which is given by
P|

§ Z ·º ,
1ª
¸¸»
«1  erf ¨¨
2¬
© 2 ¹¼

(4)

where erf(x) is the Gaussian error function and Z is given by
Z

P  P opp
V V
2

2
opp

.

(5)

Since the win probability P increases monotonically with Z, one can use equations (4) and (5) to formulate
WKHIROORZLQJVLPSOHUXOHZKLFKIRUWKHUHPDLQGHURIWKLVSDSHUZLOOEHFDOOHGWKH´&/75XOHµ

A team's optimum long-term strategy is that which maximizes Z.
Coupled with the descriptions of equations (2) and (3) for calculating mean and variance, this rule gives a simple and
powerful method for calculating optimal strategies. The following section is dedicated to developing a number of
illustrative examples that demonstrate the nature of the mean/variance tradeoff in sports and the effectiveness of
the CLT Rule.

4 Examples
6KRRWLQJ·VLQ%DVNHWEDOO
In basketball, the most straightforward method of adopting risk is through the three-point shot. As an
example, consider a team that shoots three-pointers with a percentage p3 = 0.33 and two-pointers with a percentage
p2 6XFKDWHDPZLOOKDYHWKHVDPHDYHUDJHVFRUHUHJDUGOHVVRIZKHWKHULWFKRRVHVWRVKRRW·VRU ·VEXWLQ
the latter case its variance will be twice as large. Using the logic from previous sections, we can immediately
FRQFOXGH WKDW WKH WHDP VKRXOG VKRRW ·V ZKHQ LWV H[SHFWHG ILQDO VFRUH LV ORZHU WKDQ WKDW RI LWV RSSRQHQW, and it
should shoot ·VZhen it is favored to win.
In more realistic examples, a team that resorts to shooting only ·VLVOLNHO\WRVHHLWVPHDQVFRUHGHFUHDVH2.
6XSSRVH IRU H[DPSOH WKDW D WHDP VKRRWV ·V DQG ·V ZLWK SHUFHQWDJHV p2 = 0.5 and p3 = 0.3, respectively, and is
facing a better opponent that shoots3 RQO\·VZLWKUDWHpopp = 0.55. In this case, by equations (2) and (3), the team
sacrifices 10% from its expected score by switching to the three-point shot but increases its variance by 90%. In
which situations is this tradeoff favorable?
The answer to this question can be calculated exactly using the binomial distribution, as described in
Appendix A. This procedure allows one to determine the optimal rate of 3-point shooting as a function of the
number of possessions remaining in the game, N, and the deficit s that the team is facing. The result is plotted in
Fig. 2. The main features of this result can easily be understood by the CLT Rule. The simplest approach is to
evaluate the value of the parameter Z associated with 3-point shooting, Z3(N,s), as well as the one associated with 2point shooting, Z2(N,s). At values of N and s where Z3 is larger than Z2WKHWHDPVKRXOGVKRRW·V,IRQHHTXDWHV
Z3(N,s) and Z2(N,s), one arrives at the equation s2/3 = 0.39 N, which describes the optimal transition point from 2While this is likely true, it is also the true that every NBA team currently scores more with the average 2-point shot
than with the average 3-point shot [3], a difference that cannot be explained by the slightly lower rates of offensive
rebounding off of 3-point misses. It is tempting, then, to conclude that all NBA teams should be shooting
GUDVWLFDOO\PRUH·V+RZHYHURQHVKRXOGUHFDOOWKDWWKHHIIHFWLYHQHVVRIDJLYHQSOD\GHFOLQHVZLWKLWVXVDJHUDWH>@
and so a basketball team has an incentive to use its 3-point shot sparingly and thereby maintain a difference between
2-point and 3-point scoring rates [5]. See Sec. 5 and Appendix B for additional relevant discussion.
3 Since this opponent has a larger expected score, it is to their advantage to VKRRW RQO\ ·V LQ RUGHU WR PLQLPL]H
variance.
2

3
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to 3-point shooting. This result is plotted as the dashed line in Fig. 2. Roughly speaking, when the deficit s > s2/3 at
a given N WKH WHDP VKRXOG VKRRW ·V  7KLV SUHGLFWLRQ RI WKH &/7 UXOH LV LQ H[FHOOent agreement with the exact
calculation when N > 10 or so.

FIG. 2: The optimal rate of 3-point shooting for a team with p2 = 0.5 and p3 =
0.3 against an opponent with p2 = 0.55. The dashed white line shows the
prediction of the CLT Rule for when the teDPVKRXOGVKRRW·VLQVWHDGRI·V
The top left corner of this plot (dark blue) corresponds to situations where the
team is mathematically eliminated.

4.2 7KH5XQWKH3DVVDQGWKH´+DLO0DU\µLQ)RRWEDOO
In American football, a team has a much wider range of risk-taking possibilities on offense, since different
SOD\V FDQ KDYH D YHU\ GLIIHUHQW H[SHFWHG \LHOG LQ WHUPV RI \DUGV JDLQHG  7KH TXHVWLRQ RI ´ZKLFK SOD\ VKRXOG WKH
WHDPUXQ"µLVWKHUHIRUHDPRUHFRPSOLFDWHGRQH$VDVLPSOHH[DPSOHKRZHYHUZe can consider the problem of a
team that needs to move y yards in the next N plays4. Suppose that the team is choosing between three play options:
DVKRUWUXQWKDWZLOO\LHOG\DUGVDVKRUWSDVVWKDWZLOO\LHOG\DUGVDQGDORQJ´+DLO0DU\µSDVVWKDW will yield 50
yards. For the sake of example, assume that these plays have success rates 0.9, 0.25, and 0.02, respectively, so that
the run produces the most yards on average while the passing plays offer different levels of risk/reward.
In this case one can evaluate exactly which combination of play calls will yield the highest probability of
winning. The result is plotted in Fig. 3, along with the predictions of the CLT Rule (as dashed lines) for when a
team should switch from running one type of play to running another. It should be noted that while the CLT Rule
does an excellent job of predicting when a team should throw short passes instead of running the ball, its
description of the transition between the short pass and the Hail Mary is less accurate. This inaccuracy is a result of
the very discrete, one-time nature of the Hail Mary play call: a team relying on the 50-yard pass generally needs just
one of these passes to work, and it is not correct to use a large N approximation for its success. The regions of
non-zero usage for run and short pass plays at y > 50 generally correspond to mixed Hail Mary/short play strategies,
wherein the team hopes for a large gain with a single Hail Mary pass and then plays relatively conservatively once the
big gain has been made.

4.3 Stalling in Basketball
It is in the interest of an underdog team to keep the game short. For example, the Minnesota
Timberwolves have almost no chance of beating the Los Angeles Lakers in a seven game series, but their chance of
outscoring the Lakers in a given quarter is decent, and their chance of outscoring the Lakers in a given 60-second
interval is almost 50%. One can therefore discuss strategies for the underdog which involve intentionally limiting
the number of possessions in the game ² in other words, stalling for time.
Consider, for example, a team whose normal possession uses up 16 seconds of the shot clock and is
successful 50% of the time facing an opponent whose normal possession also takes 16 seconds but is successful
55% of the time (for simplicity, in this example all shots DUHDVVXPHGWREH·V 7KLVWHDPLVFRQVLGHULQJZKHWKHUWR
The unique, four-down structure of football is ignored in this example. For example, setting N = 10 and y = 40 is
DVVXPHG WR PHDQ ´WKH WHDP QHHGV WR DGYDQFH a total of  \DUGV LQ WKH QH[W  SOD\Vµ DQG QRW the somewhat
different requirement ´WKHWHDPQHHGVWRadvance at least 10 yards during any four consecutive plays and at least 40
yards during WKHQH[WSOD\Vµ
4
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FIG. 3: The optimal usage rate of each play for a football team that can attempt
a 3-yard run, a 10-yard pass, and a 50-yard pass, with success rates 0.9, 0.25, and
0.02, respectively. Dashed white lines show predictions from the CLT Rule.
slow down their possessions intentionally, using the full 24 seconds with each possession and thereby reducing the
total number of possessions in the game. Under what circumstances should they do so?
This question can be answered, as in previous examples, by exact calculation and by the CLT Rule. The
result is shown in Fig. 4. Note that the team may benefit from stalling even when they do not have the lead. Of course,
WKLVUHVXOWDVVXPHVWKDWWKHWHDP·VILHOGJRDOSHUFHQWDJHGRHVQRWGHFOLQHDVDUHVXOWRIWKHLUVWDOOLQJWDFWLF,ILWGRHV
then the slope of the CLT Rule line will decrease (and possibly become negative), so that the number of situations
where stalling is favorable will diminish.

FIG. $GLDJUDPRIZKHQWKHWHDPGLVFXVVHGLQ6HFVKRXOGXVH´VWDOOLQJµ
as a tactic to increase their chance of beating a favored opponent. Negative
deficit implies a lead. The dashed white line is the prediction of the CLT Rule.

4.4 3OD\LQJ´+DFN-a-6KDTµ
Unlike the underdog, a favored team has an incentive to decrease the variance LQWKHJDPH·VILQDORXWFRPH
One straightforward method of doing so is to ensure that the opponent takes only low-value shots. This incentive
FDQOHDGWR´+DFN-a-6KDTµVWUDWHJLHVLQEDVNHWEDOOZKHUHLQWKHWHDPIRXOVWKHRSSRQHQW·VZRUVWIUHHWKURZVKRRWHU
in order to force him to shoot free throws rather than give the opponent an opportunity at a higher-value play5.
,Q IDFW WKH IDYRUHG WHDP FDQ EHQHILW IURP ´+DFN-a-6KDTµ HYHQ ZKHQ WKH IRXOHG SOD\HU·V IUHH WKURZ
percentage is not very low. Consider, for example, that the variance of shooting 2N free throws with success rate p
is twice smaller than the variance of shooting N two-pointers at the same rate. A favored team can therefore benefit
IURPIRXOLQJLWVRSSRQHQWHYHQZKHQWKLVGRHVQRWPDNHWKHRSSRQHQW·VPHDQVFRUHDQ\VPDOOHU
)LJVKRZVDGLDJUDPRIWKHRSWLPDOXVHRIWKH´+DFN-a-6KDTµVWUDWHJ\for a team with (2-point) shooting
percentage 55% against a team with shooting percentage 50% and free throw percentage 55%. In this case, fouling
LQFUHDVHV WKH RSSRQHQW·V PHDQ VFRUH DQG RYHU WKH ORQJ WHUP PDNHV LW HTXDO WR WKDW RI WKH IRXOLQJ WHDP 
7KLVXVHRI´+DFN-a-6KDTµVKRXOGEHGLVWLQJXLVKHGIURPWKHRQHXVHGE\WUDLOLQJWHDPVLQHnd-game situations,
ZKRVHJRDOLVWRLQFUHDVHWKHQXPEHURISRVVHVVLRQVUHPDLQLQJDQGQRWWRDOWHUWKHLURSSRQHQW·Vmean score or
variance. Such situations can also be analyzed by the methods presented in this paper.
5

5
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NRQHWKHOHVV´+DFN-a-6KDTµLVVXFFHVVIXOLQLQFUHDVLQJWKHIDYRUHGWHDP·VFKDQFHRIZLQQLQJZKHQLWLVGRQHZLWKD
not-too-small lead and with a not-too-large amount of time remaining in the game.

FIG. 5: A diagram of when the favored team discussed in Sec. 4.4 should use
´+DFN-a-6KDTµDJDLQVWWKHLURSSRQHQW7KHGDVKHGZKLWHOLQHLVWKHSUHGLFWLRQ
of the CLT Rule.

5 Optimization with Skill Curves
In this section we return briefly to the examples of Sec. 4.1 and 4.2 and comment on an important
underlying assumption. These examples, while illustrative, display in some places a fairly unrealistic result. Namely,
WKDWXQGHUFHUWDLQFRQGLWLRQVWKHWHDPVKRXOGUXQH[FOXVLYHO\DVLQJOHW\SHRISOD\ HJVKRRWLQJRQO\·VRUXVLQJ
only running plays). This extreme solution is a byproduct of the assumption that the success rate of a given play is
independent of how often the play is run. In fact, generally speaking, the more frequently a play is used, the less
effective it will become as a result of increased defensive focus [4]. This dependence amounts to a dependence of pi
on Ni that must be taken into account. If the nature of the relationship pi(Ni) is known, then its effect on the final
score distribution and on the CLT Rule are easily incorporated. Inclusion of such effects tends to eliminate the
sharp boundaries between regions where different types of plays should be run and encourages diversity of offensive
options. A more complete analytical discussion is given in Appendix B.

6 Conclusion
This paper has presented a formal, quantitative method for optimizing risk/reward decisions in sports and
KDV DSSOLHG LW WR D QXPEHU RI H[DPSOHV ZKHUH ´WDNLQJ ULVNµ LQYROYHV UXQQLQJ ORZ-probability/high-yield plays,
stalling for time, or intentionally fouliQJ7KHSDSHU·VRQHFUXFLDOXQGHUO\LQJDVVXPSWLRQLVWKDWDOOSOD\VLQDJDPH
FDQEHFRQVLGHUHGVWDWLVWLFDOO\LQGHSHQGHQWRIHDFKRWKHUVRWKDWWKHJDPH·VILQDOVFRUHFDQEHGHVFULEHGXVLQJWKH
binomial distribution. While this assumption is somewhat coQWURYHUVLDODQGGRHVQ·WDOZD\VVLWZHOOZLWKIDQVDQG
players, all advanced statistical studies thus far indicate that it is sufficiently close to the truth to be useful. If its
correctness can indeed be assumed, then the analyst is given a tremendous amount of predictive power based on the
strict relationships between mean, variance, and play success rate that it implies [equations (1) ² (3)]. Thus, in order
to make quantitative predictions of the optimal strategy for a given game situation, it is necessary only to know the
success rates {pi} RIWKHRIIHQVH·VSRWHQWLDOSOD\V:KLOHPHDVXULQJWKHVHUDWHVLVQRWQHFHVVDULO\DQHDV\WDVNLWLVDW
least a straightforward one that leaves no room for subjective metrics and does not require the use of numeric
simulations.
At the present moment there are many questions about describing sports performance for which current
statistical methods are not yet sufficiently advanced that they can be trusted over the opinion of a trained observer
of the game. In these cases the role of sports statistics should be to point out things that such an observer has not
noticed and to assist in making quantitative, strategic decisions. It is in these latter situations ² where the coach or
SOD\HUWKLQNV´,NQRZWKDW,VKRXOGEHGRLQJ;EXW,GRQ WNQRZWRZKDWH[WHQW,VKRXOGGRLWµ² that analytical and
theoretical approaches to sports statistics have a tremendous potential to be helpful. The optimization method
presented in this paper may provide a small step toward formalizing our sports intuition and using it to make
quantitative decisions about optimum strategy.
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Appendix A: Exact Method for Calculating Optimum Strategies Using the
Binomial Distribution
The binomial distribution f(x;;N) gives the probability that exactly x out of N plays will be successful, given
that any one play has a chance p of succeeding:
f ( x; N )

N!
p x (1  p) N  x .
x!( N  x)!

(A.1)

Consider a team that has some number M of different plays they can run, and that a given play, labeled i = 1, ..., M,
has a probability of success pi and produces vi points when it succeeds. Then, if play i is run a total number of Ni
times, the probability that each play i will be successful exactly xi times is given by
f ( x1 ,..., x M ; N 1 ,..., N M )

M

f ( x i ; N i ).

i

(A.2)

1

The corresponding team score is
M

vi xi .
¦
i

s( x1 ,..., x M )

(A.3)

1

The distribution of the team's total score s', denoted F(s';; N1, ..., NM), that corresponds to a particular selection of
shots (N1, ..., NM) can be found by summing over all possible outcomes {xi} for the team's plays:
F(s';;N1,...,N M )

N1

NM

x1 0

xM 0

¦ ¦ f (x ,..., x
1

M

;;N1,...,N M )G[s(x1,..., x M )  s'].

(A.4)

Here, G [x] is the Kronecker delta function, defined by G [0] = 1 and G [x ] = 0.
If the opponent's strategy and use of plays is known, then the distribution F(sopp) of their final score sopp can
also be calculated as
 in equations (A.1) ² (A.4). Then the chance P that the team will win (or tie) when employing
the
strategy
defined
by the shot selection (N1,  ..., NM) is calculated
using a sum over all possible scores of the team


and its opponent:
P ( N 1 ,..., N M )

F (s; N ,..., N M ) F (s opp )4(s  s opp ).
¦¦
s s
1

(A.5)

opp

Here, 4 (x) is the Heaviside step function, defined by 4 (x < 0) = 0 and 4 (x 0) = 1.
7KH WHDP·V RSWLPXP VWUDWHJ\ LV WKH RQH ZKRVH VHW RI VKRWV N1, ..., NM) maximizes the win probability
P(N1, ..., NM). In the results presented in Sec. 4 of this paper, the optimum strategy is found by evaluating P(N1, ...,
N ) at every possible combination (N1, ..., N M), subject to the constraint that the sum of Ni is equal to the total
 M
number of remaining possessions. While this calculation of an optimum strategy can involve many distinct
summations, it is not particularly taxing computationally. For N < 100 or so and M < 5, the calculation can
generally be done in real time.
It should be noted, finally, that the binomial description of basketball game scores has been employed by
previous authors [6], although usually in a somewhat simplified version that characterizes all possessions as
"successes" or "failures" and does not allow for plays with different point value v.
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Appendix B: Incorporating "Skill Curve" Relations into Optimum Strategy
Calculations
In general, the effectiveness pi of a given play can depend on the frequency Ni/N with which it is used.
Such a dependency pi(Ni) is generally called a ´skill curveµ [4]. If the mathematical form of the relationship pi(Ni) is
NQRZQ WKHQ WKH WHDP·V RSWLPDO VWUDWHJ\ FDQ EH FDOFXODWHG XVLQJ Whe exact method of Appendix A or by the
approximate method presented in Sec. 3. One simply needs to calculate pi(Ni) for each play i before evaluating the
win probability associated with the particular strategy (N1, ..., NM).
When the number of remaining plays N in the game is very large, a team·s best strategy is the one that
optimizes their expected offensive efficiency, and it is not necessary to consider the strategy·s variance [note that, by
equations (2) and (3), the difference in expected efficiency is proportional to N while the variance is proportional to
¥1, so that in the large N limit optimizing P - Popp also optimizes Z]. A previous paper [5] described analytically
how the dependence pi(Ni) can be incorporated into calculations of optimally-efficient offensive strategies. Under
the simplest approximation, the dependence pi(Ni) is a linear one:




pi ( N i ) D i  E i N i / N ,

(B.1)

where D i and E i are some numerical constants. This form allows one to use the analytic result of Ref. 5, with a
slight generalization for different play values vi:




N i ,opt

N

viD i  O
,
2v i E i

(B.2)

where O is a constant given by



O

2  ¦ D i /E i
i

¦1 / v i E i

.

(B.3)

i

To illustrate the significance of this result and the effect of incorporating ´skill curveµ relations into
calculations of optimum efficiency, we can apply the technique of Appendix A to an example very similar to that of
Sec. 4.1 (and to the ´Ray Allenµ example of Ref. 5, Sec. 3.4). In particular, we can imagine that the team shoots with
a constant percentage a p2 = 0.5 on its two-pointers and a varying percentage p3(N3) = 0.5 - 0.4 N3/N on its threepointers, where N3 is the number of three-pointers taken by the team. In this case, equation (B.2) suggests that the
optimal long-term strategy for the team is to have N3/N §:KHQWKHUHDUHIHZSRVVHVVLRQVUHPDLQLQJDQG
the team faces a large deficit, however, N3 should be larger in order to increase the variance of the team·s final score.
Fig. B.1 shows the result of an exact calculation using the method of Appendix A. Note that in the large N
limit the result approaches that of equation (B.2), while in regions with few possessions remaining and a large deficit
the fraction of three-pointers increases markedly. An approach based on the CLT Rule produces a very similar
result as in Fig. B.1, although it is incapable of reproducing the quickly-varying behavior at very small N.
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FIG. B.1: The optimal rate of 3-point shooting for a team with p2 = 0.5 and p3
= 0.5 - 0.4 N3/N. On the right side of the plot the solution closely approaches
the result of equation (B.2).
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